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Abstract. We study the boundary value problem -div((|Vu| Pl ^^ 2 + | Vu| P2 ( x ) _2 )Vu) = f(x,u) in fi, u = 
on dfl, where VI is a smooth bounded domain in M N . We focus on the cases when f±(x, u) — ±(— A|M| m ^' _2 u + 
\u\ q ^~ 2 u), where m{x) :— max{pi(x),p2(x)} < q{x) < ]^r^7~) for any x G Q. In the first case we show the 
existence of infinitely many weak solutions for any A > 0. In the second case we prove that if A is large enough 
then there exists a nontrivial weak solution. Our approach relies on the variable exponent theory of general- 
ized Lebesgue-Sobolev spaces, combined with a ^-symmetric version for even functionals of the Mountain Pass 
Lemma and some adequate variational methods. 
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1 Introduction and preliminary results 

Electrorheological fluids (sometimes referred to as "smart fluids"), are particular fluids of high tech- 
nological interest whose apparent viscosity changes reversibly in response to an electric field. The 
electrorheological fluids have been intensively studied from the 1940's to the present. The first major 
discovery on electrorheological fluids is due to Willis M. Winslow jHU]. He noticed that such fluids' 
(for instance lithium polymetachrylate) viscosity in an electrical field is inversely proportional to the 
strength of the field. The field induces string-like formations in the fluid, which are parallel to the 
field. They can raise the viscosity by as much as five orders of magnitude. This phenomenon is known 
as the Winslow effect. For a general account of the underlying physics confer JH] and for some tech- 
nical applications [23] • We just remember that any device which currently depends upon hydraulics, 
hydrodynamics or hydrostatics can benefit from electrorheological fluids' properties. Consequently, elec- 
trorheological fluids are most promising in aircraft and aerospace applications. For more information 
on properties and the application of these fluids we refer to 1151 125j . 

The mathematical modelling of electrorheological fluids determined the study of variable Lebesgue 
and Sobolev spaces L p ^ and W 1,v<yX \ where p(x) is a real- valued function. Variable exponent Lebesgue 
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spaces appeared in the literature for the first time already in a 1931 article by W. Orlicz In the 
years 1950 this study was carried on by Nakano [20] who made the first systematic study of spaces with 
variable exponent. Later, the Polish mathematicians investigated the modular function spaces (see, 
e.g., the basic monograph Musielak |19j). Variable exponent Lebesgue spaces on the real line have been 
independently developed by Russian researchers. In that context we refer to the work of Tsenov |28j . 
Sharapudinov and Zhikov E21 ■ For deep results in weighted Sobolev spaces with applications 
to partial differential equations we refer to the excellent monographs by Drabek, Kufner and Nicolosi 
(Oj, by Hyers, Isac and Rassias ^S], and by Kufner and Persson [T%] . 
Our main purpose is to study the boundary value problem 

-div^lVul^)- 2 + \Vu\ P2 ^- 2 )Vu) = f(x, u), for ie!l ^ 
u = 0, for x G dQ, 

where SI C R N (N > 3) is a bounded domain with smooth boundary and 1 < Pi(x), Pi(x) G C(f2) for 
i G {1, 2}. We are looking for nontrivial weak solutions of Problem Q in the generalized Sobolev space 
W 1,m w(n), where m(x) = max{pi(x) , P2(x)} for any x G We point out that problems of type Q 
were intensively studied in the past decades. We refer to [31 ^] for some interesting results. 

We recall in what follows some definitions and basic properties of the generalized Lebesgue-Sobolev 
spaces L^ X \VL) and w£ ,pix \tt), where is a bounded domain in R . 

Set 

C+(fi) = {h; he C(0), h(x) > 1 for all x G H}. 



For any h G C+(f2) we define 



h + = sup h(x) and /i = inf h(x) 



For any p(x) G C+(f2), we define the variable exponent Lebesgue space 

u is a measurable real- valued function such that / dx < oo}. 

Jn 

We define a norm, the so-called Luxemburg norm, on this space by the formula 





u(x) 


p(x) } 




dx<\\ 









Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respects: they are 
Banach spaces |17l Theorem 2.5], the Holder inequality holds |171 Theorem 2.1], they are reflexive if 
and only if 1 < p~ < p + < oo |171 Corollary 2.7] and continuous functions are dense if p + < oo |171 
Theorem 2.11]. The inclusion between Lebesgue spaces also generalizes naturally 17, Theorem 2.8]: if 
< \Q\ < oo and r\, r^ are variable exponents so that r\{x) < r^ix) almost everywhere in then there 
exists the continuous embedding L ra W(0) L ri ( z )(f2), whose norm does not exceed |Q| + 1. 
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We denote by L p (^(fi) the conjugate space of L P ^ X \VL), where l/p(x) + l/p'(x) = 1. For any 
u G LP( x \n) and v G D> '^(n) the Holder type inequality 



/ uv dx 




< (p + p' 


Jn 





(2) 



holds true. 

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the modular 
of the L p( - X \Q) space, which is the mapping p p ^ : L p ^ (f2) — > R defined by 

P P (x)(u) = / \u\ p(x) dx. 
Jn 

If (u n ), u G L p( - X \n) and p + < oo then the following relations hold true 

|u| p(a ,) > 1 => |«|J (!B) < p p { x )(u) < \u\ p p + (x) 



l \p(x) < 1 



(3) 

(4) 
(5) 



|«n - U\ p ( x ) <^> Pp(x)(Un - U) 0. 

Spaces with p + = co have been studied by Edmunds, Lang and Nekvinda [7j. 
Next, we define Wq' p ^ x \q,) as the closure of Co°(fi) under the norm 

IMIp(x) = \^ u \p(x)- 

The space (Wq' p( ~ x \q,), \\ ■ \\ p ( x )) is a separable and reflexive Banach space. We note that if q G C+(fi) 
and < for all x G then the embedding Wq' p ^ x \u) L q ^ x \0) is compact and continuous, 

where p*(a?) = if p(x) < W or = +oo if p(x) > N. We refer to [31111011131171 for further 

properties of variable exponent Lebesgue-Sobolev spaces. 

Remark 1. If p\{x), P2{x) G C+(0) it is clear that m(x) G C+(f2) where m(x) = max{pi(x), P2(%)} 
for any On i/ie oi/ier hand since pi(x), p%{x) < m{x) for any x G Q it follows that VKj' m ^(f2) 

is continuously embedded in Wq (il) for i G {1,2}. 

2 Main results 

In this paper we study Problem (0) if f(x,t) = ±(-X\t\ m ^- 2 t + \t\ q ^~ 2 t), where 

if m{x) < N 



m(x) := m&x{pi(x) , p2(x)} < q(x) < < 
for any igSJ and all A > 0. 



N ■ m(x) 



N — m(x) 
+oo 



if m{x) > N . 
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We first consider the problem 

-dw((\Vu\ Pl( -^- 2 + \Vu\ P2 ^- 2 )Vu) = -X\u\ m ^- 2 u + \u\ q W- 2 u, for x G O 

(6) 

u = 0, for x G 30. 

We say that u G VKq (Q) i s a u;eafc solution of problem © if 

/ (iV-up^" 2 + \Vu\ p ^- 2 )VuVv dx + A ( \u\ m W- 2 uv dx- ( \u\ q ^- 2 uv dx = 0, 
Jn Jn Jn 

for all v G W" 1,m(a:) (n). 
We prove 

Theorem 1. For every A > problem has infinitely many weak solutions, provided that 2 < pj for 
i G {1,2}, m+ <q~ and q+ < f^p. 

Next, we study the problem 



(7) 



-div^V-ul^)- 2 + \Vu\ P2 W- 2 )Vu) = A|nj m ( x )- 2 -u - \u\ q ^- 2 u, for ie!l 
u = 0, for x G dO,. 

We say that u G W^' m ^(0) is a u>eaA; solution of problem JJJ) if 

[ (\X7u\ Pl{x) - 2 + |Vu| P2 ^- 2 )V-uVt; dx - X [ \u\ m{x ^- 2 uv dx + [ \u\ q{x) ' 2 uv dx = 0, 
Jn Jn Jn 

for all v G W 1,m(a:) (O). 
We prove 

Theorem 2. There exists A* > such that for any A > A* problem ^ has a nontrivial weak solution, 
provided that m + < q~ and q + < A '"' 



N-m~ 



3 Proof of Theorem [T] 

The key argument in the proof of Theorem^is the following Z2-symmetric version (for even functionals) 
of the Mountain Pass Lemma (see Theorem 9.12 in |24j): 

Theorem 3. Let X be an infinite dimensional real Banach space and let I G C 1 (X, M) be even, 
satisfying the Palais-Smale condition (that is, any sequence {x n } C X such that {I(x n )} is bounded 
and i (x n ) — > c in X* has a convergent subsequence) and 1(0) = 0. Suppose that 

(11) There exist two constants p, a > such that I(x) > a if \\x\\ = p. 

(12) For each finite dimensional subspace X\ C X, the set {x G X\\ I(x) > 0} is bounded. 
Then I has an unbounded sequence of critical values. 
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Let E denote the generalized Sobolev space 

The energy functional corresponding to problem © is defined by J\ : E — > M, 

jQPlix) JnP2{x) Jnm{x) Jnq{x) 

A simple calculation based on Remark^ relations © and Q and the compact embedding of E into 
L^^fT) for alls G C + (TT) with s (x) < rn*(x) on O shows that J A is well-defined on E and J A G C^R) 
with the derivative given by 

(J^ («),«) = / (|V«| Pl(a:) " 2 + |V«| w(a:) " 2 )V«Vi;dx + A / |«| TO ^- 2 «t; dx - / |u| 9 < x >- 2 ih> dx, 
Jn Jn Jn 

for any u, v G -E. Thus the weak solutions of © are exactly the critical points of J\. 
Lemma 1. There exist ij > and a > smc/i i/iai J\(u) > a > for any u £ E with \\u\\ m M = tj. 
Proof. We first point out that since m{x) = m&x{pi(x),p2(x)} for any x G f2 then 

| Vu (x)| Pl(:c) + |Vn(x)| P2W > \Vu(x)\ mix \ Vx G H. (8) 
On the other hand, we have 

\u(x)\ q ~ + \u(x)\ q+ > \u(x)\ q( - x \ Vx G H. (9) 
Using (jHJ and © we deduce that 



J x (u) > \ x- • / |Vu| m ^ dx- — -( I \u\ q dx+ [ \u\ q+ dx 

max{p{,pj} Jn Q \Jn Jn 

> 4r • / |Vn| m ^ dx- — -([ \u\ q ~ dx+ I \u\ q+ dx] , 



(10) 



for any u £ E. 

Since m + < q~ < q + < m*(x) for any x G and E is continuously embedded in L q (fi) and in 
L 9+ (0) it follows that there exist two positive constants C\ and C2 such that 

IML(a;) > Cl ■ H q +, \\u\\ m ( x ) > C 2 ■ \u\ q - , Vtl G £7. (11) 

Assume that u € E and ||«|| m ( x ) < 1- Thus, by (jlj), 

jf iVul^dx^lHI^,. (12) 

Relations (fTH|t . (|TT|) and (jT^ yield 



Ja(«) > — r • ||« 



!m(x) 



1 „ „ V /I 



9 / 1 \9 



^-y ' ll^llm(x) J ~l~ I ^-r ' ||^||m(x) 



fa II II 9 m : II ll<? — rn \ II lim 

(z 3 - 7 • Hl™^) -^HIw )-\\ u \L{x) 
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for any u E E with ||tt|| m ( x ) < 1, where (3, 7 and 5 are positive constants. 
We remark that the function g : [0, 1] — > R defined by 

g(t) = P - 7 ■ t9 + " m+ _ J . t 5--m+ 

is positive in a neighborhood of the origin. We conclude that Lemma ^ holds true. □ 

Lemma 2. Let E\ be a finite dimensional subspace of E. Then the set S = {u E E%; J\(u) > 0} is 
bounded. 

Proof. In order to prove Lemma El we first show that 

L lVulMx) dx - Ki ■ {M ™ {x) + IHI ^ )) ' w G E (l3) 

where K\ is a positive constant. 

Indeed, using relations © and (J3J we have 

/ |Vu| Pi(:e) < |Vd Pl ~ . + \Vu\ P \ x = ||n|| pr , , + lldK Vu E £. (14) 

On the other hand, Remark ^ implies that there exists a positive constant Kq such that 

IMIpiOe) < K ■ ||«|| m (a.), VueE. (15) 

Inequalities (jTl)) and (jTo^ yield 

/ dx < (K ■ \\u\\ m(x) ) p i + (K ■ \\u\\ m(x) ) p l , Vu£E 

Jn 

and thus ((T3)) holds true. 

With similar arguments we deduce that there exists a positive constant K2 such that 

LpW) IVuIMx) dx - K2 ' (IHI ^ + Vn e K (i6) 

Using again © and (HJ we have 

jTltcrWcfa^lul^ + ltil^j, VueE. 

Since E is continuously embedded in L m ( x \Q), there exists of a positive constant such that 

\u\m(x) < K ■ IML^), Vu£E. 
The last two inequalities show that for each A > there exists a positive constant i^3(A) such that 

A ■ I ^) |Vu|mW dX ~ Ks{X) ■ (IHI ™W + M ™ + ^> W G ^ (17) 



By inequalities lfT3|l. (fTC|) and (H7J) we get 



Jn 

for all u & E. 

Let u G E be arbitrary but fixed. We define 

f2< = {x G fi; < 1}, fi> = \ 0<. 

Therefore 

J x (u) < Kl ■ (\\uC (x) + ||«||^ w ) + K 2 ■ (IMlJkj + ||n|4 } ) + K 3 (A) • (||u||^j + ||u||^,) - 

\ [ \u\ q ^ dx 
Q + Jn 

< ^ • dl^tV) + ll^tV)) + • (HuQ.) + ||n|4)) + ^(A) • (IMI^ + Htill^,) - 

4 [ \u\ q(x) dx 
Q + Jn> 

< IV. . , l!„ll'M I N I V. . ni„.l|P2 1 



l|P2 , |U,||P2 





•(N 


pi + 1 

m(j;) 1 


l \\Pi 
\u\\ 1 \ 




/ 1 


u 9 dx 




9+. 


Jn> 








(H 


+ 1 


1 lltf 
1 >>m(x) 




/l« 


| 9 ~ 4 


-1 


9+. 


7n 




Q + Jn 



But there exists a positive constant K4 such that 

-4 / |u| ,_ < #4, Vn G £7. 

Hence 

|Pl 1 IL.IIPX \ 1 fc- CIL,I|P2 1 |L,||P2" 



J A («) < ^ • (|k||^ (a;) + ||tC (a0 ) + ^ 2 • (llnll^ + llull^) + K 3 (A) • (llull^, + lluHSg,,) 

1 



\u\ q dx + K±, G 
The functional | • \ q - : E — > M defined by 

= |u| 9 cfccj 

is a norm in £\ In the finite dimensional subspace E\ the norms | • \ q - and || • \\ m ^ are equivalent, so 
there exists a positive constant K = K(E\) such that 

\\ u \\rn(x) < K ■ W\ q -, Vn G E x . 
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As a consequence we have that there exists a positive constant K§ such that 

J A («) < K X • (\\uC (x) + \\u\\i {x) ) + K 2 ■ (\\u\\% x) + ||„||f w ) + K 3 (A) • (lluH^j + ||u||^,) - 

Hence 

Ki • (\\u\C {x] + ||u||^ s) ) + JSTa • (HJk, + + ifs(A) ■ (\\u\C (x) + Ikll^)) 

- K 5 -\\u\\ q mix) +K 4 >Q, Vu£S 

and since g~ > m + we conclude that S is bounded in The proof of Lemma E] is complete. □ 

Lemma 3. Assume that {u n } C E is a sequence which satisfies the properties: 

\J x (u n )\<M (18) 

J\{un) — * as n — ► oo (19) 
where M is a positive constant. Then {u n } possesses a convergent subsequence. 

Proof. First, we show that {u n } is bounded in E. Assume by contradiction the contrary. Then, 
passing eventually at a subsequence, still denoted by {u n }, we may assume that ||tt n ||m(a:) — > oo as 
n — > oo. Thus we may consider that ||Un||m(a;) > 1 f° r an Y integer n. 

By (|19j) we deduce that there exists Ni > such that for any n > N\ we have 

II^MII < i. 

On the other hand, for any n > N\ fixed, the application 

E 3 v -> (j' x (u n ),v) 
is linear and continuous. The above information yields 

\(j' x (u n ),v}\ < ||J A (u n )|| • ||«|| m ( x ) < [b|| m (a:) 3 Vv e E, n> iVi. 
Setting v = u n we have 

-K|U(*)< / |Vu n pMcte+ / |V Un | P2 Wdx + A / |n n | m ^dx- f \u n \ q( - x Ux< \\u n \\ m(x) , 
Jn Jn Jn Jn 

for all n > N\. We obtain 

-IKIL(z) - / |Vn n | P1 ^ dx- I \Vu n \ P2{x) dx-X [ \u n \ m(x) dx < - I \u n \ q{x) dx (20) 
Jn Jn Jn Jn 

for any n > N\. 
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Assuming that ||« n ||m(a!) > 1) relations (|2U|) and (JHJ imply 

1 



M > J x {u n ) > 

+ A • 

> 
> 



1 

m+ q~ 
1 

m+ 
J 1 

1 1 



1 



1 , , 



n n | m(x) dx-- 



\ u n \\rn(x) 



\\Ju n \ dx K*n mM 

q y ; 



\m(x) 



M 



n\\m(x) ■ 



Letting n — > oo we obtain a contradiction. It follows that {u n } is bounded in E. 

Since {u n } is bounded in E, there exist a subsequence, again denoted by {u n }, and no € £" such 
that {u n } converges weakly to uq in £\ Since E is compactly embedded in L m ^(fl) and in L 9 ( x )(f2) 
it follows that {n n } converges strongly to no in L m ( x \$l) and L q ( x \{l). The above information and 
relation (|19|) imply 

(j' x (u n ) - J x (u ),u n - m ) -» asn^oo. 

On the other hand, we have 
[ (\Vu n \ pi ^- 2 Vu n + |Vn n |P 2 ^- 2 VM n -|Vn r^- 2 Vno-|VMo| P2(:c) - 2 VMo)-(Vn n -VMo)(ix 

= (J\( U n) ~ j'x(.U ),U n - Uq) 

- A- I {\u n \ m ^~ l u n -\u \ m ^- l u ){u n -u )dx 
Jn 

(Kl^)" 1 ^ - Inol^- 1 ^)^ - no) dx 



+ 



(21) 



Using the fact that {n n } converges strongly to uq in L^ x \n) and inequality Q we have 



{\u n \^- l u n - \uo\ q{ - x) - X Uo){u n - no) dx 



< 
+ 



\u n \ q ^ X ' 2 U n (u n - Uq) dx 

\u \ q ^~ 2 u {u n - u ) dx 



< Cg-IKI^" 1 ! aw ■ K 

q(x)-l 



u o\q(x) 

+ C 4 ■ \ \u Q \ q ^- l \ q{x) ■ \u n - u \ o(x) , 
where C3 and C4 are positive constants. Since \u n — uo| g ( x ) — > as n — > 00 we deduce that 

lim / {\u n \ q ^- l u n - luol 9 ^- 1 ^)^ - n ) dx = 0. 
With similar arguments we obtain 

lim I {\u n \ m ^- l u n - |n | m ^- 1 n )K - «o) ^ = 0. 



(22) 



(23) 
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By dHJ), (USD and C3J we get 



lim foOVuJ^^Vurc + \X7u n \P^- 2 Vu n - |Vu | Pl{a;) " 2 Vno 

' ' ' (24) 

- |Vu | P2(:r) " 2 Vno) • (Vm„ - Vu ) cb = 0. 
Next, we apply the following elementary inequality (see [1J Lemma 4.10]) 

(ier 2 e - iv>r 2 vo • (e - > c ie - vf, vr > 2, ^ e r n . (25) 

Relations J2U and $B y ield 

lim / |V« n - Vu \ Pl{x) dx+ [ \Vu n - Vu \ P2{x) dx = 
n ^°°Jn Jn 

or using relation (|SJ) we get 

lim f \Vu n - Vu \ m ^ dx = 0. 
n ^°° Jn 

That fact and relation (J5J) imply \\u n — Uo\\ m f x \ — > as n — > oo. The proof of Lemma|3]is complete. □ 

PROOF of Theorem [T] completed. It is clear that the functional J\ is even and verifies Ja(0) = 0. 
Lemma El implies that J\ satisfies the Palais-Smale condition. On the other hand, Lemmas Q and [2] 
show that conditions (II) and (12) are satisfied. Applying Theorem to the functional J\ we conclude 
that equation Q has infinitely many weak solutions in E. The proof of Theorem ^ is complete. □ 

4 Proof of Theorem [2] 

Define the energy functional associated to Problem (JJJ) by I\ : E — > R, 



I x (u)= [ -^--\Vu\ Pl(x) dx + [ —^—\Vu\ P2(x) dx 
JnPi(x) JnP2[x) 



A / -^—\u\ mix) dx + f -L-\u\ q W dx. 
m(x) J n q(x) 



The same arguments as those used in the case of functional J\ show that I\ is well-defined on E and 
I\ E C 1 (-E,R) with the derivative given by 

(l' x (u),v}= f (|Vu| Pl ^- 2 + \Vu\ P2(x) - 2 )VuVv dx - X f \u\ m{ - x) ~ 2 uv dx + [ \u\ qi - x) - 2 uv dx, 
Jn Jn Jn 

for any u, v £ E. We obtain that the weak solutions of (J7J) are the critical points of I\. 

This time our idea is to show that I\ possesses a nontrivial global minimum point in E. With that 
end in view we start by proving two auxiliary results. 

Lemma 4. The functional I\ is coercive on E. 

Proof. In order to prove Lemma 0] we first show that for any a, b > and < k < I the following 
inequality holds 

a-t k -b-t l < a -(~) , Vt>0. (26) 
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Indeed, since the function 



is increasing for any 9 > it follows that 



[0,oo) Bt^t 6 



a-b- t l - k < 0, V t > 



a\V('-*) 



and 



t fc • (a - 6 • < a • t fc < a • J , Vie 



a\ */(*-*) 



The above two inequalities show that (f^B|) holds true. 

Using (|26|) we deduce that for any and u£Ewe have 



|n(x)r w - ±-\u(x)\ q W 



< 



< 



mr 
A 



A • g" 1 



m 



m(a;)/(g(a;)— m(x)) 



^.„+\ m+ /(a -m+) + xm /(q+-m ) 



+ 



where C is a positive constant independent of u and x. Integrating the above inequality over f2 we 
obtain 

— I \u\ m ^ dx-\ I \u\ q W dx<V 
m J n q + J n 

where I? is a positive constant independent of u. 

Using inequalities (jSJ) and (|27|) we obtain that for any u 6 E with ||u|| m (.j,) > 1 we have 



(27) 



h{u) > 



1 



\Vu\ m ^ dx 



A 



™ Jn 



\ u m(x) dx + 



1 



?/■ 



dx 



> 



m 



m 



im 

\m(x) 



\m(x) 



m Jn 



\m(x) 



dx 



1 

q + Jn 



\u\ q ^ dx 



V. 



Thus I\ is coercive and the proof of Lemma 0] is complete. 
Lemma 5. The functional I\ is weakly lower semicontinuous. 

Proof. In a first instance we prove that the functionals Aj : E — > R, 

A<(u)= / -^-|Vd ft(x) dx, Vie {1,2} 

are convex. Indeed, since the function 

[0,oo) 3t^t d 

is convex for any 9 > 1, we deduce that for each x £ SI fixed it holds that 



□ 



< 



Pi (a) 



<^i Pi(x) + ^r (a:) , ve^eM^, »€{i,2}. 
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Using the above inequality we deduce that 
Vu + Vv 



< -\Vu\ p ^ x) + -\X7v\ p * {x) , Vu,v£E, xen, iE{l,2}. 



Multiplying with —7-^ and integrating over we obtain 



Ai (^Y^j < ~Ai(u) + Vu,v£E,ie {1,2}. 

Thus Ai and A2 are convex. It follows that Ai + A2 is convex 

Next, we show that the functional A1+A2 is weakly lower semicontinuous on E. Taking into account 
that Ai + A2 is convex, by Corollary III. 8 in j2] it is enough to show that Ai + A2 is strongly lower 
semicontinuous on E. We fix u € E and e > 0. Let v G E be arbitrary. Since Ai + A2 is convex and 
inequality @ holds true we have 

Ai(«)+A 2 («) > Ai(u) + A 2 (u) + (Ai(u) + A' 2 (u),v - u) 

> Ai(u) +A 2 (n) - I iVnp^-^V^-n)! dx - - f IV^P^IV^ - u)\ dx 



> Ai(«) + A 2 (u) - D l ■ ||Vtx|^C«)-i| . )v(n _ _ 

p 1 (x)-l 

D 2 -\\Vu\^- 1 \ wW -|V(«-t;)| wW 

> Ai{u) + A 2 {u) - D 3 ■ \\u - v\\ m{x) 

> Ai(u) + A 2 («)-e 

for all v ^ E with \\u — v\\ m / x \ < e/[\\\7u\ pi ^~ 1 \ piW + [|Vn| P2 ^~ 1 | P2 ( x ) ], where Z?i, D 2 and D3 are 
positive constants. It follows that Ai + A 2 is strongly lower semicontinuous and since it is convex we 
obtain that Ai + A2 is weakly lower semicontinuous. 

Finally, we remark that if {u n } C E is a sequence which converges weakly to u in E then {u n } 
converges strongly to u in L m ( x \{l) and L q ( x \Q). Thus, I\ is weakly lower semicontinuous. The proof 
of Lemma 03 is complete. □ 

Proof of Theorem [2j By Lemmas 0] and El we deduce that I\ is coercive and weakly lower 
semicontinuous on E. Then Theorem 1.2 in [27] implies that there exists u\ E E a global minimizer of 
I\ and thus a weak solution of problem |JJ) . 

We show that u\ is not trivial for A large enough. Indeed, letting to > 1 be a fixed real and fL\ be 
an open subset of O with |f2i| > we deduce that there exists uq € Cq°(Q) C E such that uq(x) = to 
for any x € fii and < uq(x) < to in 0, \ fix. We have 



inftW JnP2{x) 



A / — ^-|u r (a;) ds+ / -4r|uo| ff(a!) dx 
m(x) J n q(x) 



< L-^r I \u \ m W dx 



< L __^_. t --.l 01 l 



rrv 
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where L is a positive constant. Thus, there exists A* > such that I\{uq) < for any A € [A*, oo). It 
follows that I\{u\) < for any A > A* and thus u\ is a nontrivial weak solution of problem (J7J) for A 
large enough. The proof of Theorem |2] is complete. □ 
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